ABSTRACT. Consider a smooth projective family of canonically polarized complex manifolds over a smooth quasi-projective complex base Y • , and suppose the family is nonisotrivial. If Y is a smooth compactification of Y • , such that D := Y \ Y • is a simple normal crossing divisor, then we can consider the sheaf of differentials with logarithmic poles along D. Viehweg and Zuo have shown that for some m > 0, the m th symmetric power of this sheaf admits many sections. More precisely, the m th symmetric power contains an invertible sheaf whose Kodaira-Iitaka dimension is at least the variation of the family. We refine this result and show that this "Viehweg-Zuo sheaf" comes from the coarse moduli space associated to the given family, at least generically.
INTRODUCTION AND STATEMENT OF MAIN RESULT
1.A. Introduction. Throughout this paper, we consider a smooth projective family f
• : X
• → Y • of canonically polarized complex manifolds, of relative dimension n, over a smooth complex quasi-projective base. We assume that the family is not isotrivial, and let µ : Y
• → M be the associated map to the coarse moduli space, whose existence is shown, e.g. in [Vie95, Thm. 1.11]. We fix a smooth projective compactification Y of Y
• such that
• is a divisor with simple normal crossings. In this setup, Viehweg and Zuo have shown the following fundamental result concerning the existence of logarithmic pluri-differentials on Y
• . The "Viehweg-Zuo" sheaf A was crucial in the study of hyperbolicity properties of manifolds that appear as bases of families of maximal variation and has been used to show that any minimal model program of the pair (Y, D) factors the moduli map, [KK08a, KK08b, KK08c] , see also the survey [KS06] . In spite of its importance, little is known about further properties of the sheaf A . For example, it is unclear to us how the Viehweg-Zuo construction behaves under base change. The goal of this short note is to refine the result of Viehweg and Zuo somewhat, and show that the Viehweg-Zuo sheaf A comes from the coarse moduli space M, at least generically. A precise statement is given in Theorem 1.4 below. Theorem 1.4 directly relates to a conjecture of Campana. In [Cam08, Conj. 12 .19] Campana conjectured that the assumption "f
• not isotrivial" immediately implies that the base manifold Y
• is not special. In other words, any family of canonically polarized varieties over a special base manifold is necessarily isotrivial. In the case where Y
• is a surface, the conjecture is claimed in [Cam08, Thm. 12.20 ]. However, we had difficulties following the proof. We will show in Section 4 that Campana's conjecture in dimension two is an immediate corollary to Theorem 1.4. Using a more advanced line of argumentation, Campana's conjecture in dimension three can also be deduced. Details will appear in a forthcoming paper.
Throughout the present paper we work over the field of complex numbers.
1.B. Statement of the main result. Roughly speaking, the main result of this paper is that the Viehweg-Zuo sheaf comes from the coarse moduli space M. To formulate the statement precisely, we use the following notation. 
• is the open subset where the moduli map µ has maximal rank.
Remark 1.3. By construction, it is clear that the sheaf B is a saturated subsheaf of Ω 1 Y (log D). We say that B is the saturation of
With this notation, the main result of the paper is then formulated as follows. 1.C. Outline of the paper. We begin the proof of Theorem 1.4 in Section 2 with a summary of Viehweg-Zuo's proof of Theorem 1.1. Using the notation and results of Section 2, a proof of Theorem 1.4 is given in Section 3. We end this paper with Section 4, where we briefly recall Campana's notion of a special logarithmic pair, give the precise statement of his conjecture and give an extremely short proof for families over surfaces.
2. REVIEW OF VIEHWEG-ZUO'S PROOF OF THEOREM 1.1
To prepare for the proof of Theorem 1.4, we give a very brief synopsis of ViehwegZuo's proof of Theorem 1.1, covering only the material used in the proof of Theorem 1.4. The reader who is interested in a detailed understanding is referred to the original paper [VZ02] and to the survey [Vie01] . The overview contained in this section and the facts outlined in Section 2.D can perhaps serve as a guideline to the original references. In the language of Viehweg-Zuo, [VZ02, Def 2.1(c)], the restricted morphism
Remark 2.1 (Restriction to a partial compactification). Let G be a locally free sheaf on Y , and let
In particular, the notion of Kodaira-Iitaka dimension makes sense for the sheaf F ′ , and κ(F ′ ) = κ(F ).
2.B.
Construction of the τ 0 p,q . The starting point of the Viehweg-Zuo construction is the standard sequence of logarithmic differentials associated to the flat morphism f ′ ,
where 
2) with L −1 and pushing down, the connecting morphisms of the associated long exact sequence give maps
More specifically, we consider the following morphisms,
and their compositions 
2.D. Fundamental facts about
More precisely, the morphism τ k takes its image in
Consequence 2.3. Using Fact 2.2 and the observation that
While the proof of Fact 2.2 is rather elementary, the following deep result is at the core of Viehweg-Zuo's argument. 
]). Given any numbers p and q, there exists a number k and an invertible sheaf
* is generically generated. 
2.E. End of proof.
In other words, τ m gives a non-trivial map
Equivalently, we can view τ m as a non-trivial map
By Fact 2.4, there are many morphisms A ′ → Sym k (N n−m,m 0 ) * , for k large enough. Together with (2.4.1), this gives a non-zero morphism
. This ends the proof of Theorem 1.1. 
If we chose the number m as in Section 2.E above, the image of τ m is then contained in 3.C. Proof of Inclusion (3.1.1) in a simple case. It remains to check Inclusion (3.1.1). Before tackling the problem in general, we consider a trivial case first.
Proposition 3.2. If the variation of f
• is maximal, i.e. Var(f • ) = dim Y • , then Inclu- sion (3.1.1) holds.
Proof. If the variation of f
• is maximal, then the moduli map Y • → M is generically finite onto the closure of its image. In particular, the sheaf B introduced in Notation 1.2 equals Ω 1 Y (log D). Inclusion (3.1.1) is therefore trivially satisfied.
3.D.
Comparing families with respect to Inclusion (3.1.1). Given two families, one the pull-back of the other via a dominant morphism, an elementary comparison of the morphisms τ 0 p,q associated with the families shows that Inclusion (3.1.1) holds for one of the families if and only if it also holds for the other. We will later use the following Comparison Proposition to show that the Viehweg-Zuo sheaf of a family essentially only depends on the image of the base in the coarse moduli space, and not so much on the family itself. 
Proposition 3.3 (Comparison Proposition). Consider a Cartesian diagram of smooth projective families of n-dimensional canonically polarized manifolds over smooth quasiprojective base manifolds, as followŝ
X • Γ / / f • X •f • Y • γ dominant / /Ỹ • .
ShrinkingŶ
• andỸ • further, if necessary, we may assume without loss of generality that γ is surjective and smooth. We may also assume that the moduli mapμ :Ỹ
• → M has maximal rank. By assumption, the moduli mapμ :Ŷ
• → M is the compositionμ =μ • γ. As in Section 2, we need to discuss the connecting morphisms τ 0 p,q onŶ
• and onỸ • , respectively. For clarity of notation we indicate the relevant space by indexing all morphisms and sheaves with either a hat or a tilde. That way, we writê
and the sheafF p,q onỸ • is defined analogously. Finally, set
Since γ is smooth and the moduli mapμ has maximal rank,μ also has maximal rank, and both B
• and
Since B
• and B
• are saturated, to prove Proposition 3.3 it is equivalent to show that
To prove (3.3.2), we aim to identify the sheavesF p,q and γ * F p,q and show that images of theτ 0 p,q are naturally identified with the pull-backs of the images ofτ 0 p,q . For a precise statement, recall that there are isomorphisms
Since taking cohomology commutes with flat base change, [Har77, III Prop. 9.3], we obtain isomorphisms
for all p and q. Tensoring ι p,q with the differential dγ :
Equivalence (3.3.2), and hence Proposition 3.3, is an immediate consequence of the Isomorphism (3.3.1) and of the following claim.
Claim 3.3.4. Given any numbers p and q, the sheaf morphism (3.3.3) induces an isomorphism between the image ofτ 0 p,q and the pull-back of the image ofτ
It remains to prove Claim 3.3.4. Observe that Claim 3.3.4 follows trivially from the definitions ofτ 0 p,q andτ 0 p,q if we are in the simple case whereŶ 0 is a product, sayŶ
• , and where γ is the projection to the first factor. Locally in the analytic topology, however, any smooth morphism looks like the projection morphism of a product. Since Claim 3.3.4 can be checked locally analytically, this proves the claim and ends the proof of Proposition 3.3.
3.E. End of proof of Theorem 1.4. To complete the proof of Theorem 1.4, we compare our original family to one that is of maximal variation. The starting point is the existence of a universal family on a finite cover. • , and let Z be a desingularization of Z ′ . Setting X
, we obtain two linked Cartesian diagrams, as follows
Here f
• Z and u Z are two families of canonically polarized varieties that are not necessarily isomorphic, but induce the same moduli map Z → M. Since for any point z ∈ Z, the fibers (f
Z (z) are isomorphic, the scheme of Z-isomorphisms,
Z (z) are canonically polarized manifolds and have only finitely many automorphisms, the natural map I ′ → Z is quasi-finite. Let I be a desingularization of a component of I ′ that dominates Z. Recall that taking Hilb, Hom and Isom commutes with base change. In particular, we have an isomorphism of I-schemes,
Looking at the right hand side, it is clear that there exists a section I → Isom I X • Z × Z I,Ũ Z × Z I , i.e., an isomorphism of I-schemes, X
• Z × Z I ∼ =ŨZ × Z I. In summary, we obtain a diagram as follows,
In this situation, Proposition 3.2 asserts that Inclusion (3.1.1) holds for the family u Z , which is of maximal variation. Since γ Z is dominant, and since it suffices to prove Inclusion (3.1.1) on an open subset, the Comparison Proposition 3.3 applies to show that Inclusion (3.1.1) holds for the family u I or equivalently for the family f 
APPLICATION OF THEOREM 1.4 TO FAMILIES OVER SPECIAL SURFACES
As an immediate corollary to Theorem 1.4, we see that any smooth projective family of canonically polarized manifolds over a special surface Y
• is isotrivial, as conjectured by Campana. We first recall the precise definition of a special logarithmic pair below, taking the classical Bogomolov-Sommese vanishing theorem as our starting point. A proof of Campana's Conjecture 4.4 in higher dimensions will appear in a forthcoming paper.
